Extension of the Barut-Girardello Coherent State 



and Path Integral II 

Kazuyuki FUJIFand Kunio FUNAHASHit 
Department of Mathematics, Yokohama City University, 
Yokohama 236, Japan 
August, 1997 

Abstract 

We have constructed the coherent state of U{N, 1) , which is an extension 
of the Barut-Girardello (BG) coherent state of SU (1, 1), in our previous paper. 
However there is a restriction that the eigenvalue of the Casimir operator is 
natural number. In this paper we construct the coherent state in the analytic 
representation to overcome this restriction. Next we show that the measure 
of the BG coherent state is not the symplectic induced measure. 
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I Introduction 



Coherent state of the harmonic oscillator is defined as the eigenstate of the annihilation 
operator and has been utilized for revealation of many physical properties. Concurrently 
its definition has been extended []I|. 

As a straightforward extension of the definition, there exists the Barut-Girardello (BG) 
coherent state [Q], which is defined as the eigenstate of the lowering operator in SU{1, 1). 
The remarkable property is that the range of the eigenvalue of the Casimir operator is 

> 0, in spite of the representation of SU{1,1) being defined for K > 1/2. (From 
this fact, the BG coherent state may be the coherent state of some covering group of 
SU{1,1).) According to some groups there are further extensions of the BG coherent 
state I, H. In our previous work [Q, we have constructed the extended BG coherent 
state based on some representation of U {N, 1) and its measure. However its eigenvalue of 
the Casimir, K, is restricted to natural number because the Schwinger boson method 
is used in the construction. Thus in this paper we construct the coherent state in the 
analytic representation to overcome this restriction. 

Although the BG coherent state is a straghtforward extension of that of the harmonic 
oscillator, the measure is given by the integral formula 0. While, ordinary measures 
such as the harmonic oscillator or the Perelomov coherent state are ones induced from 
the canonical symplectic 2-form on the infinite dimensional complex projective space 
(hereafter abbreviated as the symplectic induced measure). Thus we investigate whether 
the measure of the BG coherent state (hereafter abbreviated as the BG measure) is the 
symplectic induced measure or not. 

The contents of this paper are as follows. In Sec ^ we construct the extended BG 
coherent state in the analytic representation. In Sec |IT1| we show that the BG measure is 
not the symplectic induced measure. The last section is devoted to the discussion. 
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II Analytic Representation of the BG Coherent State 



We review the BG coherent state in 11. 1 and construct the extended coherent state in the 



analytic representation in |II.2 



II. 1 The BG coherent state 

1) algebra satisfies 

[K3, Ki] = ±K± , [K_, K+] = 2K3 , {K± = ±{K, ± tK2)) , (2.1) 
and the representation is 



{\K, m)|m = 0, 1, 2, ■ ■ ■} , K > - , {2K is an eigenvalue of the Casimir operator) . 



(2.2) 



They satisfy 

K^\K,m) = {K + m)\K,m) 



K+\K,m) = J {m + 1){2K + m)\K,m + 1) 



K_^\K,m) = ^m{2K + m-l)\K,m-l) . (2.3) 
The BG coherent state is defined as the eigenstate of the lowering operator: 

K_\z) = z\z) . (2.4) 



The explicit form of (|2.4|) is 



2" 



The inner product is 

l^z\z!) = T{2K){z*z')-''''~' l2K-i{2\^) = oFi{2K; z*z') , (2.6) 



where I^iz) is a modified Bessel function of the first kind defined in (|3.22| ) and oFi{i'; z) 



is defined in (|2.12| ). The resolution of unity is 



diJi{z,z*)\z){z\ = Ik , 
df^{z,z*) ^ ^-^^^^^^I'l'^'-'dz^dz , (2.7) 
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where Ik is the identity operator in the representation space. It is remarkable that ( |2.7| ) 
holds for > 0. 

So far we have expressed the BG coherent state by means of the Dirac notation. 
Alternatively it is possible to express in the analytic representation. We adopt the bases 
as 



where 

(a)„ = a ■ (a + 1) ■ ■ ■ (a + n - 1) , (2.9) 

and the operators as 

K+ = z, K. = z^ + 2K^ ^ K, = z^ + K . (2.10) 
dz'^ dz dz 



Of course, they satisfy (p.l|) and ( p.3|) . Eq (2^) satisfies the completeness 



Y^Un{z')ul{z) = oF,{2K-z'z*) , (2.11) 

n.=0 

where oF\{v\ z) is the hypergeometric function: 

„F,(.;.).i:73-;^- (2-12) 

n=0 \^ )n "-• 

The inner product is defined by 

{A,B) = J dfi{z,z*)A*{z)B{z) , {A, B: analytic functions) , (2.13) 



where 



Then the BG coherent state is written by 

oo -1 

^(A) ^ 0^^1(2^^-; \z) = Y: Zu^i>^^T , 

n=0 ^•l^-'^ Jn 

K^ip{\) = Xip{X) , (2.15) 
which satisfies, of course, all of the properties of the BG coherent state. 
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II. 2 Extension of the BG coherent state 

u{N,l) algebra is defined by 

r7,^ = diag(l,---,l,-l) , («,/5,7,(5 = l,---,iV + l) , (2.16) 
with a subsidiary condition 

N 

-J2E^^ + Er,+i,N+i = K , {K = l,2,---) . (2.17) 

a=l 

Now we briefiy review the extension by means of the Schwinger boson method [0. We 
identify these generators with creation and annihilation operators of harmonic oscillators: 

where a, satisfy 

[a,,4] = 1 , [a^,a(3] = [al,4] = , (a, ^ = 1, 2, ■ ■ ■ , AT + 1) . (2.19) 
The Fock space is 

{|ni, ■ ■ ■ , riN+i) \ni, ng, ■ ■ ■ , '^TV+i = 0, 1, 2, ■ ■ ■} , 

\ 1 / t\"i / t \'^JV+l| 

\ni,- ■ ■ ,nN+i) = . — ^ A a[] ■ ■ ■ (aV+i 0,0, ■■■,0), 

a„|0,0, ■■■,0) =0 . (2.20) 

On the representation space it is 

oo N N 

Ik = ■ ■ ,nN,K - 1 + 'Yna){ni,- ■ ■ ,nN,K - 1 + "^71^1 , (2.21) 

{n}=0 a=l a=l 

where an abbreviation 

oo oo oo oo 

E - E E--- E > (2-22) 

{ji}=0 ni=0n2=0 n]v=0 

has been used. 

Then the coherent state is defined by 

EN+i,a\z) =z,\z) , (« = 1, ■ ■ ■ , iV) , (2.23) 
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and the explicit form is 



\-)= E 



T{K) 



N 



{n}=o \ ^i! • • • nN\T(K + EjLi np^ ^ 
Their inner product is 



rii njv 



Z-,...Z 



N 



|ni,...,n;v,i^ - 1 + E^") • (2-24) 



a=l 



* I 



(2.25) 



where o-^i('^; 2;) is defined in ( |2.12|) , and the resolution of unity is 



J dix(^z, z'^^\z){z\ = Ik 



(2.26) 



where 



d^(z, z^ 



2||;2||^-^ir, 



-\dz^d'A 



N 



\z\\ = V z'^z , \dz^dz\ = Y[ d{ReZa)d{lmZa) ■ 



[2.27) 



a=l 



In this expression the representation of the harmonic oscillator restricts K to natural 
number. Thus we write the coherent state by means of the analytic representation to 
overcome this restriction. 

When we adopt the bases as 

1 



u 



ni,---,n]v 



ni riiv 



(2.28) 



the operators are written as 



d 



N 



Enfi — Zni— , E 

dzfs 



d 



a^l dz, 



N 



E, 



a,N+l — ) -^'Af+l.a 



92 



+ K 



+ K 
d 



dzpdza dza 
{a = l,---,N) 



(2.29) 



Eq ( p.28| ) satisfies the completeness 



00 



{n}=0 



,^^...^^^{z)=oF,{K;z'.z* 



(2.30) 



where the dot is defined as 



z' • z* = z[zl + ■■■ + z'^zIj . (2.31) 
The inner product is defined by 

{A,B) = J dfi(^z,z^)A*{z)B{z) , {A, B: analytic functions) , (2.32) 

where 

Then the coherent state is defined by 

En+iM><) = Aa</'(A) , (2.34) 



and whose exphcit form is obtained from ( |2.24| ) as 



OO 1 

{n}=0 v/^l'---^^'(^)^-^^„, 

OO -j^ 

= E — i TTin (Ai^i)''^ ■ ■ ■ (AatZat) 

{n}=0 V 

°° 1 m' 
^0 ^KK)^ „,+..^^=^ rill ■■■UnI 
= oFi{K;X-z) . (2.35) 

This is the analytic representation of the extended BG coherent state, which no longer 
restricts K to natural number. 



Ill The Measure of the BG Coherent State 

In this section, first we show the form of the symplectic induced measure and then we 
compare it with the BG measure. 

We define the infinite dimensional complex projective space: 

CP{H) = H- {0}/C* , (C* = C - {0}) , 

H = l\C). (3.1) 
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CP{H) is an infinite dimensional symplectic manifold and its element is written as 

-1 X X'^ 

p(x)=x(xtx) X^ = ^,{XeH-{0}). (3.2) 
Then the canonical symplectic 2-form on CP{H) is given by 

uj^{X) = TT{P{X)dP{X) A dP{X)) . (3.3) 
Next we define a map f : M ^ CP{H) (M = D{1, 1) or C) such that 

= ^ ; X = 1^) . (3.4) 

{z\z) 

By means of the map, we puUback the symplectic 2-form on CP{H) to M: 

UMiz) = TT{f{z)df{z) A df{z)) , (3.5) 

where d is the exterior derivative on M. Putting ( p.4|) into (|3.5|) , we obtain the explicit 
form: 

1 

um{z) = dz*dzj^-^^ log {z\z) , (3.6) 

and this is the symplectic induced measure in 2 dimension. 

Usually path integral measures are given by the symplectic induced measure. As an 
example, we consider the Perelomov coherent state in SU{1, 1): 



10 = e^^+|ir,0) = £ J^^C\K,n) , e e D(l, 1) , (3.7) 

where 

D{l,l)^{^eCm<l} . (3.8) 

The inner product is 

and the resolution of unity is 

Jdfxi^,Cm{^\ = ^K , (3.10) 



where the measure is 



2K -1 



^ (1 - m-'''^' ■ 

The symplectic induced measure by ( p.7| ) is given by 



(3.11) 



2K- 



(1 - |^|2)-2^+2 ■ 

This is quite the same with ( p.ll| ) if ( |3.12| ) is normahzed. 
Now, turning to the the BG coherent state, the measure: 



(3.12) 



(3.13) 



ttT{2K) 

is obtained by the integral formula 0: 

r dx2x''+^K2(a-p) {2x^^^)x'-^ = T{2a + s)r(2/? + s) . (3.14) 

J 

We investigate whether it is the symplectic induced measure or not. Let us calculate 

(3.15) 



1 (9^ 

00 = dz*dz , , . - — — log {z\z) , (^{z\z) = oFi(2K; 



{z\z) dz*dz 
Utilizing the polar coordinate 



z = re 



id 



(3.16) 



we write ( p.l5|) as 



'''''''' Mk^-i^T) '"^^^^i^^-y) ■ (3-") 



By noting 



eq ( p.l7|) becomes 



UJ = dz*dz 



oF^{2K+l-r^),F^{2K- 



(3.18) 



2K + 



2K {,F,{2K-T^)Y 

^r%Fi [2K + 2; r^)oFr {2K; r^) - {oFi (27^+1; r') f 



(3.19) 
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Eq ( pj.l9D looks different from the BG measure. Now we compare tlie beliavior of ( |3.19| ) 
witfi tliat of the BG measure near the origin. From the definition of the hypergeometric 
function p.l2| ), the behavior near the origin in 0{z) is 



oFi{u; z) ~ 1 + - 



Thus the behavior of u in O(r^) is 



uj ~ dz*dz- 



'2K 



2K + 3 
2K{2K + 1] 



On the other hand, from the definition of modified Bessel functions: 



Ku[z) = : 

2 sm un 



the behavior of the BG measure is 



2K2K-l{2\z\)..2K-l 1 



2n 



2) ^^n\T{v + n + l) 



1 



TT 



V{2K) 



Vi2K) sin {2K-1)ti 
1 



+ 



-r 



K-l/2 



+ 



T{2K) T{2K+l) 
sin {2K - l)7r 



V{-2K + 2) V{-2K + ?>) 

+ ■ ■ 



+ 



sin {2K - 1)ti 



sin {2K - 1)77 
{2K -l)Ti {2K -1){2K -2) 



(3.20) 



(3.21) 



(3.22) 



T{2K)T{2K) T{2K)T{2K +1) 



(3.23) 



where we have used the formula 



T(z)T(l-z) 



TT 



sm TTZ 



in the second equality. For K > 1/2, ( p.23| ) becomes 



(3.23) 



{2K - l)7r 



(3.24) 



(3.25) 



2K-2 

If UJ is assumed to be another measure of the BG coherent state, then the resolution 
of unity with the measure must hold. On the other hand, is the measure of the BG 
coherent state and satisfies the resolution of unity (|2.7| ). Then by the Lebesgue's theorem. 
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must coincide with dfi. However, comparing ( ^.211 ) with ( |3.25| ) apart from the total 



normahzation, the behaviors of them are different. Thus we conclude that u is not a 
measure of the BG coherent state, or in other words, that the measure of the BG coherent 
state dfi is not the symplectic induced measure. 

IV Discussion 

We have constructed an extended BG coherent state for a representation of U{N, 1) by 
means of the analytic representation to overcome the restriction of K. 

We have shown that the BG measure is not the symplectic induced measure. This 
is conclusively different from the Perelomov coherent state, and may be the reason why 
calculation of the path integral becomes difficult in contrast with that of the Perelomov 
coherent state |P, |10|, [TTI . 



There are attempts to explain the meaning of the measure of the coherent state |T2 . 
However all examples in it are the symplectic induced measures. The BG measure is the 
first example which is not the symplectic induced measure. 

In spite of our effort, however, the essential meaning of the BG measure is not still 
clear. It is very important to reveal it. 

Appendix 



A Comparison the BG Coherent State to the Sym- 
plectic Measure in K = 1/4 and K = 3/4 



In Sec |T|, we have shown that the BG measure is not the symplectic induced measure by 
comparing them near the origin. In this appendix, we compare them in the explicit form 
for K = 1/4 and K = 3/4 to convince that they are really different measures. 
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A.l A' =1/4 Case 



We put the explicit form of the modified Bessel function: 



into the BG measure (|3.13| ) to obtain 



dfiK=i/4:{z, z*) = dz*dz — e 

nr 



-2r 



where we have used the polar coordinate {z = re*^) except for dz*dz. 
On the other hand, the symplectic induced measure ( |3.19|) for K 



(jJk=i/4 = dz*dz 



3 



Then putting the explicit forms of the hypergeometric functions: 

'3 

,2' 
-5 



cosh 2r 
sinh 2r 



2r 
3 



cosh 2r 



sinh 2r 
2r 



into (|A.3|) , we finally obtain 



ujk=i/4: = dz*dz- 



( sinh 2r cosh 2r 



(cosh2r)^V 2r 
Apparently ( [A .51 ) is different from ( |A.2| ). 



+ 1 . 



A.2 K = 3/4 Case 



By the explicit form of the modified Bessel function 



Kk=i/2{z) = \ hr 



TT 

2/ ' 
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we write the BG measure as 



dfiK=3/4:{z, z*) = dz*dz—e 



2 

vr 



(A.7) 



On the other hand, by the exphcit forms of the hypergeometric functions ( |A.4| ) and 



15 



/ sinh2r cosh2r sinh2r 



V (2r 



+ 3- 



{2rf ' " (2r; 

the symplectic induced measure ( |3.19| ) for = 3/4 becomes 
2 1 



5 ' 



(A.8) 



'^3/4 = dz*dz- 



2r ( cosh 2r sinh 2r \ 

= dz dz o 1 . 

(sinh2r)^V 2r ) 

As well as the K = 1/4: case, ( [A.9| ) is different from ( |A.7D . 



(A.9) 
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